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Abstract: This paper talks about the application of Hurst Index on the Ghana Stock Exchange (GSE). The aim of the paper 

was to find out, whether GSE daily returns have some autocorrelation (long-term dependency) and multifractality using the 

Hurst Index analysis. Hurst Index of daily returns of some selected stocks in the period of January 2018 to December 2018 

constituting 247 trading days were computed using Rescale Range Method and the Periodogram Method. The findings show 

that, 91.7% of the stocks considered possess long-term dependency and only 8.3% shows multifractality. Besides, the average 

percentage error of the geometric fractional Brownian motion (GFBM) model was 16.68% with an efficiency accuracy of 

83.32% whilst that of the geometric Brownian motion (GBM) model percentage error is 20.90% with an accuracy of 79.10%. 

This indicates that, the GFBM model yielded better predicting accuracy than GBM in the long-run and par predicting accuracy 

in the short-run. 
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1. Introduction 

The Ghana Stock Exchange (GSE) which is one of the 

youngest and fastest growing Exchange in Africa has seen 

fewer contribution of literatures on stochastic modelling of 

its stock prices. Literature from [1], stipulated that, this few 

literatures on stochastic modelling have made stock prices of 

the Exchange very difficult to predict. Also, the few 

literatures all focus on the Geometric Brownian Motion 

(GBM). This is evident from [1-3]. 

According to [4], the GBM could not account for the long-

run prediction because of its memoryless property. Due to 

this deficiency, this paper studied the Geometric Fraction 

Brownian Motion which incorporates the Hurst Index as the 

catalyst for long-run prediction. The Hurst Index ( 0 1H≤ ≤ ) 

classifies a time series into three different groups. If 0.5H = , 

then the series follow a random walk which means returns 

are uncorrelated and random. If 0 0.5H≤ < , then the time 

series is said to have anti-persistent behavior, which means it 

is mean reverting. The series is said to have persistent 

behavior if 0.5 1H< ≤ . 

From [15], the Hurst Index gives a clear identity of the 

stock whether it will predict better on the GBM or GFBM. 

Therefore, this paper estimates the Hurst Index of some 

selected stocks from the GSE using the Rescaled Range 

Analysis and the Periodogram Method and test which stocks 

predict better using GBM and GFBM. 

2. Literature Review 

In finance, the Black-Scholes option pricing model consist 

of a risky asset, stocks ( )S t  and a risk-free asset, a bond. 

The asset can be modelled as a stochastic process which 

follows a Geometric Fractional Brownian Motion (GFBM) 

and define by a stochastic differential equation 

( ) ( ) ( )HdS t S t dt dB tµ σ= +                        (1) 

In GFBM model, stock returns are dependent of each other, 

meaning price changes exhibit some autocorrelation called 

long-range dependency. This long-range dependency has 

been investigated by many researchers in other stock markets. 

[5], investigated the Brazilian equity market and found 
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persistency, more importantly the results suggest that, the 

Hurst Exponent is time varying even after adjusting short-

range dependency. [6, 7], show evidence of long memory on 

the European Options through a time-dependent volatility. [8] 

agued from Efficient Market Hypothesis (EMH) on 

Australian market that, if a stock time series has a high Hurst 

Exponent, then the stock will be less risky and there will be 

less noise in the data set. 

The EMH which originates from Fama’s PhD dissertation 

in the 1960s, states that, at any given time all information 

about a security has been accounted for in the current price of 

that security. The logical results of this hypothesis are that, 

security analyst is unable to predict stocks that will produce 

excess returns but rather conform to the market price. 

According to [9], the indecisiveness of the Efficient Market 

Hypothesis has given room for more studies to be conducted. 

The systematic work from [10] has shown that, most 

studies have empirically proven that, the returns on the 

Ghana Stock Exchange are predictable. Most of these studies 

which were on the Efficient Market Hypothesis (EMH) 

concluded that, the Ghana Stock Exchange (GSE) was weak-

form inefficient. This makes the Market highly predictable 

and investors can make abnormal returns by studying past 

prices on the Market. [11] studied the returns on the GSE 

between 1993 to 1995 using serial correlation and found that, 

the market was not weak-form efficient. Also, [12] examined 

the Efficient Market Hypothesis on the Ghana Stock 

Exchange and other Stock Exchanges in Africa such as South 

Africa, Nigeria and Zimbabwe using PACF and White Test. 

The finding from the study was that, the Ghana Stock 

Exchange was weak-form inefficient. 

[13] Analyzed the South African, Ghanaian, Mauritanian 

and the Egyptian market using the Run Test, Multiple 

Variance Ratio (MVR) Test and ARIMA and found all market 

to be weak-form efficient. The inconsistencies of the EMH 

on the GSE by literatures cited above makes the market 

vulnerable and highly predictable but one parameter (Hurst 

Exponent) that has been used in other Exchanges to confirm 

the Efficient Market Hypothesis is yet to be tested on the 

Ghana Stock Exchange, therefore this is the aim of this paper. 

3. Methodology 

The Rescaled range analysis is a statistical measure of the 

variability of a series that depends on time which was 

introduce by British Hydrologist Hurst and later explained by 

[14]. The purpose of the model was to provide an assessment 

of how the apparent variability of a series changes with the 

magnitude of the time-period being considered. It is 

estimated as follows; 

If X  is the closing price of the stock, then at time t , the 

stock price series is given by 

1 2, ,..., tX X X X=                                   (2) 

The expectation of the series in Equation (1) is calculated 

as 

1

1 n

i

i

m X
n =

= ∑                                     (3) 

where m  is the mean, n  is the sample size and iX  is the 

stock price process. A mean adjusted series is created see 

Equation (4). 

, 1,2,...,t tY X m t n= − ∀ =                    (4) 

Cumulative deviate series is also created and can be found 

in Equation (5) 

1

, 1, 2,...,
t

t i

i

Z Y t n
=

= ∀ =∑                         (5) 

The range of the series is computed as; 

( ) ( ) ( )1 2 1 2max , ,..., min , ,...,n nR n Z Z Z Z Z Z= −      (6) 

and the standard deviation is also computed as; 

( ) ( )2

1

1

2

n

i

i

S n X m
=

= −∑                           (7) 

Finally, the rescaled range (Rr) is computed and it is 

shown in Equation (8) 

( )
( )

R n
Rr

S n
=                                    (8) 

The Hurst Index is estimated by fitting the power law 

( )
( )

H
R n

E Cn
S n

 
= 

 

 to the data. This can be done by plotting 

( )
( )

log
R n

S n

 
 
 

 as a function of log n , and fitting a straight line; 

the slope of the fitted line is the Hurst Index (H). 

[16] Apply fractional Brownian motion ( )HB t  to replace 

the classical Brownian motion ( )B t  and further incorporate 

the existence of long memory in financial market. The 

suggested model is as follows: 

( ) ( ) ( ) 1
, ,1

2
HdX t X t dt dB t Hµ σ  = + ∈  

 
       (9) 

Analytical Solution of GFBM 

Since 
1

2
H ≠ , ( )HB t  is not a semi martingale; thus, the 

general theory of stochastic calculus cannot be applied on 

( )HB t  instead, Wick calculus is used. Now, we assume the 

initial condition ( ) 00X X= . The stochastic differential 

equation in Equation (9) can be written as: 

( ) ( ) ( ) ( )H
dX t dB t

X t X t
dt dt

µ σ= +            (10) 

applying Wick calculus, Equation (10) can be rewritten in 
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( )
H

S
∗

 as: 

( ) ( ) ( ) ( )H

dX t
X t X t W t

dt
µ σ= +  

or 

( ) ( )( ) ( )H

dX t
W t X t

dt
µ σ= +                        (11) 

integrating both sides of Equation (11) gives: 

( ) ( )( )0
0

exp
t

HX t X t W u duµ σ= + ∫                      (12) 

given ( ) ( )H H

d
B t W t

dt
=  in ( )

H
S

∗ , Equation (12) can be 

written as: 

( ) ( )( )0 exp HX t X t B tµ σ= +                         (13) 

now, we introduce Definition 1 and Definition 2 from [13] to 

make further deduction. 

Definition 1. If ( ):
H

Y S
∗→ℝ  is a given function provided 

that ( ) ( )HY t W t  is integrable in ( )
H

S
∗ , then we can define 

the fractional Wick-Ito integral of a function as: 

( ) ( ) ( )H HY t dB Y t W t dt=∫ ∫ℝ ℝ
                            (14) 

( ) ( ) ( )2 2

0

1 1

2 2

t
H

H H HB S dB S B t t= −∫                     (15) 

Definition 2. Let ( )2

Hf L∈ ℝ , then; 

( ) ( ) 21
exp , exp

2
H H

w f f fdB fξ  〈 〉 = = − 
 ∫           (16) 

applying Definition 2 and Equation (15), Equation (12) can 

be represented as: 

( ) ( ) 2 2

0

1
exp

2

H

HX t X t B t tµ σ σ = + − 
 

                (17) 

( ) ( )
2

2 2 2

0
exp

2

H HX t X t t t
σµ σ ξ 

= − + 
 

         (18) 

substituting ( ) ( )0,1t Nξ ∼ , we get; 

( ) ( )
2

2 2 2

0
exp 0,1

2

H HX t X t N t
σµ σ 

= − + 
 

         (19) 

Equation (18) is the analytical solution of the GFBM based 

on Wick calculus and it is used for predicting asset price in 

financial market. 

 

4. Results and Discussion 

To access whether the log returns of the selected stocks are 

valid for normal distribution, statistical test was performed 

using the Shapiro-Wilk test, Kurtosis and Skewness which 

have consistently been proven valid by many literatures. Table 

1 shows the normality test performed on the log returns. 

Table 1. Descriptive statistic of the log returns. 

Stocks Mean Shapiro-Wilk Kurtosis Skewness 

ACCESS 0.0136 0.0048*** 8.1267 -0.2776 

ADB 0.0001 0.0000*** 114.8568 10.2958 

BOPP 0.0056 0.0041*** 89.2052 -0.5079 

EGH 0.0125 0.0060*** 69.1591 0.0761 

EGL 0.0127 0.0092*** 114.0185 2.0148 

GCB 0.0378 0.0362*** 113.9066 0.0237 

GGBL 0.0028 0.0012*** 25.1948 0.3152 

GOIL 0.0101 0.0040*** 46.0792 0.1858 

SCB 0.0109 0.0061*** 79.7195 -0.1133 

SOGEGH 0.0142 0.0055*** 65.2453 1.7717 

TOTAL -0.0002 0.0059*** 57.3257 -0.5532 

UNIL 0.0034 0.0016*** 45.4749 3.1780 

To estimate the Hurst exponent from the selected stocks on 

the GSE, the rescaled range analysis method was adopted. 

The results are shown in Figure 1 and Table 2. 

 
Figure 1. Hurst Exponent Estimation. 

Table 2. Hurst Exponent Estimate. 

Stocks 
Rescaled range 

Analysis 

Periodogram 

Method 
P-Value 

ACCESS 0.3597 0.2593 0.1070 

ADB 0.3933 0.3719 0.5052 

BOPP 0.6752 0.6389 0.0000*** 

EGH 0.5856 0.5877 0.0000*** 

EGL 0.4739 0.1975 0.0000*** 

GCB 0.4159 0.1405 0.0000*** 

GGLB 0.3907 0.3779 0.0000*** 

GOIL 0.8002 0.7989 0.0000*** 

SCB 0.7519 0.6414 0.0000*** 

SOGEGH 0.7540 0.6732 0.0000*** 

TOTAL 0.7111 0.6331 0.0000*** 

UNIL 0.3593 0.6220 0.0004*** 
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From Table 2, ACCESS and ADB were the negatively 

autocorrelated stocks with rescaled range value of 0.3597 and 

0.3933 respectively. The value of the periodogram is also in 

line with the rescaled range value with ACCESS having a 

periodogram value of 0.2593 and 0.3719 for ADB. 

The Hurst value from both the periodogram and the rescaled 

range analysis for ACCESS and ADB were confirmed by the 

heteroscedasticity test with p-value of 10.7% and 50.5% for 

ACCESS and ADB respectively. This means that at 5% 

significant level, inferences from past data of these stocks will 

be relatively inaccurate. From Table 2, BOPP, EGH, SCB, 

SOGEGH and TOTAL are highly persistent with Hurst 

exponent of 0.6752, 0.5856, 0.7519, 0.7540 and 0.7111 and 

also 0.6389, 0.5877, 0.6414, 0.6732 and 0.6331 for rescaled 

range and periodogram respectively. The test statistics was 0% 

which was significant at 5% significance level. But the most 

persistent or positively autocorrelated stock was the GOIL 

stock with rescaled range value of 0.8002 and a periodogram 

value of 0.7989. Stocks with high Hurst exponent can be 

predicted using their past values. 

In summary from Table 2, out of the 12 equities considered, 

only 3 of them (ACCESS, ADB and UNIL) did not exhibit 

the long memory hypothesis, the remaining (BOPP, EGH, 

EGL, GCB, GGLB, GOIL, SCB, SOGEGH and TOTAL) all 

have long memory characteristics. This means that 75% of 

the stocks considered can be modelled using the geometric 

fractional Brownian motion. 

After the model specification, simulation was done for the 

different values of Hurst exponent in the short-run and the 

long-run and the results are shown in Figure 2 to Figure 4. 

 
Figure 2. Short-Run and Long-Run Simulation of UNIL Stock with H<0.5. 

 
Figure 3. Short-Run and Long-Run Simulation of UNIL Stock for H=0.5. 

 
Figure 4. Short-Run and Long-Run Simulation of UNIL Stock for H>0.5. 
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From Figure 2, it can be seen that, the short-run and the 

long-run simulation were made for Hurst exponent less than 

0.5 and under both cases, the GBM model simulated values 

were closer to the actual than it was to the GFBM model. 

Figure 2 is the simulation for only the UNIL stock and the 

simulation were performed for the remaining stocks 

considered and the results are presented in Table 3 and Table 4. 

In Figure 3, simulations for the short-run and the long-run were 

made at Hurst exponent of 0.5. From the model development, it 

was deduced that at H=0.5, the GBM model and the GFBM 

model are the same. This argument holds for the simulation since 

the predictability of the two models were the same. 

For Hurst exponent greater than 0.5, the stock price is 

persistent with time and for that, the GBM model decays 

exponentially to zero. Meanwhile the GFBM model at this 

Hurst exponent (0.5) give the best prediction. This is evident in 

Figure 4, where the simulation of the GFBM model predicts 

far better than the GBM model. The Figure 4 is the prediction 

for only the UNIL stock, the remaining equities were also 

simulated and the results are shown in Table 3 and Table 4. 

Table 3. Short-Run Predicted Stock Prices. 

Stock Actual Stock Price (GHS) 
Predicted Stock Price (GHS) Percentage Error 

GBM Model GFBM Model GBM Model GFBM Model 

UNIL 17.0354 15.1118 13.3704 13.18 21.34 

ACCESS 3.7637 3.7985 3.9847 6.51 7.78 

SCB 27.7921 23.0129 24.6936 18.62 15.96 

ADB 5.9474 5.8951 5.8534 0.9 1.58 

BOPP 6.6162 5.5936 5.9913 17.66 14.87 

EGH 9.3365 7.5656 7.5838 17.88 17.91 

EGL 3.514 2.9006 3.5037 18.49 20.93 

GOIL 3.7083 2.9681 2.7983 19.05 22.72 

GGBL 2.4206 2.1181 2.0733 12.22 13.99 

TOTAL 4.6767 3.5525 3.6187 22.85 21.47 

GCB 5.6555 5.0377 5.1133 29.34 29.39 

SOGEGH 1.4153 0.7854 0.8122 37.88 36.17 

Average 17.88 18.68 

Table 4. Long-Run Predicted Stock Prices. 

Stock Actual Stock Price (GHS) 
Predicted Stock Price (GHS) Percentage Error 

GBM Model GFBM Model GBM Model GFBM Model 

UNIL 17.0354 20.9281 18.4112 23.74 9.85 

ACCESS 3.7637 3.3128 3.5136 12.54 9.82 

SCB 27.7921 19.2346 20.7699 28.85 13.97 

ADB 5.9474 6.0059 5.9619 0.98 0.24 

BOPP 6.6162 4.6502 4.9970 28.48 15.46 

EGH 9.3365 7.4501 7.4844 19.15 18.91 

EGL 3.5140 1.7534 2.1479 47.42 15.76 

GOIL 3.7083 3.4206 3.2261 15.68 16.32 

GGBL 2.4206 2.2456 2.1935 8.30 9.55 

TOTAL 4.6767 3.4290 3.4769 25.26 24.31 

GCB 5.6555 4.6381 4.8659 33.82 31.22 

SOGEGH 1.4153 0.7191 0.7421 42.68 10.77 

Average 23.91 14.68 

 

The Mean Absolute Percentage Error (MAPE) of the GBM 

and GFBM models were estimated. The average MAPE of 

the GBM model was 17.88% which indicates a good 

prediction and the average MAPE the GFBM model was 

18.68% which also indicate a good prediction. These 

predictions were all in the short-run, but in the long-run, the 

average MAPE of GFBM was 14.68% indicating a good 

prediction whilst the GBM was 23.91% indicating a 

moderate prediction. 

Comparing the predictability of the GBM and GFBM 

models, it can be seen from Table 3 and Table 4 that, in the 

short-run and long-run the GFBM model gave a good 

prediction whilst the GBM was not good in both cases. 

5. Conclusions 

The research was conducted purposely to develop a model 

that will take into account the Hurst exponent to model stock 

price in Ghana. From the findings of the research, the 

following conclusions were drawn in relation to the objective 

of the study. 

A stochastic differential equation model that takes into 

account the Hurst exponent using Wick calculus and Ito 

lemma has been established and this is represented as 
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( ) ( )
2

2 2 2

0 exp 0,1
2

H H
X t X t N t

σµ σ 
= − + 

 
, where H  is the Hurst 

exponent. 

Finally, in order to validate the proposed model, 

numerical simulations of the model were carried out base 

on the time constraint (long-run and short-run) and was 

used to compare other theoretical models. From Table 3 and 

Table 4, the average mean absolute percentage error of the 

predictability of the GFBM model was 16.68% which 

indicates a good prediction from the scale of judgement 

while the GBM model average error was 20.90% indicating 

moderate prediction. Therefore, the GFBM model predicts 

stock prices better than the GBM model on the Ghana Stock 

Exchange. 
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